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Solutions Final: Inleiding Financiele Wiskunde 2018-2019

Consider a Brownian motion {W(¢) : ¢ > 0} with filtration {F(¢) : ¢ > 0}. Suppose that the
price process {S(t) : t > 0} of a certain stock is modelled as the following Ité-process

S(t):S(O)+/O uS(u)du+/O o dW (u).

(a) Use Ito-Doeblin formula to show that e #*S(t) = S(0) + fg e Mg dW(u). (1 pt)
(b) Determine the distribution of S(¢) and calculate P(S(t) < 0) for ¢ > 0. (1 pt)
Proof (a) : First observe that

d(S(t)) = pS(t) dt + o dW (¢).

Consider the function f(t,z) = e #tx, clearly f has continuous first and second partial derivatives.
We have fi(t,z) = —pe "z, f.(t,x) = e " and f,,(t,2) = 0. By It6-Doeblin formula, we get

e MS(t) = S(0) +/0 —pe HS(u) du +/O e " dS(u)
= 5(0) + /0 —pe M S(u) du + /0 e M (uS(u) du+ o dW(u))

= 5(0) Jr/o e Mo dW (u)

Proof (b) : From part (a), we have S(t) = S(O)e’“f—i—f(;s et~ g dW (u). Note that f(f et t= o dW (u)
is an It6-integral of a deterministic process, hence it is normally distributed with mean 0 and
variance

t ¢ 2
Var(/ ettt dW(u)) = 0262‘”/ e T2 dy = i(ezﬂt —1).
0 0 2/1
From this it follows that S(¢) is normally distributed with E(S(¢)) = S(0)e** and Var(S(t)) =

2
;—(62’” —1). Finally, we have
1

S( ettt - et

DoSOer SO ) (SO

where N(x) is the standard normal distribution function.

P(S(t) < 0) = ]P(

Let {(W7(t), Wa(t)) : t > 0} be a 2-dimensional Brownian motion defined on a probability space
(Q, F,P). Consider two price processes {S1(¢) : t > 0} and {Sa(¢) : ¢ > 0} with corresponding
SDE given by

dSi (t) = a5 (t) dW (t) + BS: (t) dWs (t)
dSQ (t) = ’)/SQ(t) dt + O'SQ (t) dW1 (t),

where «, 3,7, 0 are positive constants.
(a) Show that {S1(¢)S2(t) : t > 0} is a 2-dimensional It6-process. (1 pt)
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(b) Show that E[S(t)S2(t)] = S1(0)S2(0)e+29)t ¢ > 0. (You are allowed to interchange inte-
grals and expectations). (1 pt)

(¢) Consider a finite time T (expiration date), and suppose the interest rate is a constant, i.e.
R(t) = r for all t > 0. Show that the market price equations have a unique solution, and
determine the risk-neutral probability measure P for the process {(S1(¢),S2(¢) : 0 <t < T}.
(1.5 pt)

Proof (a) : We apply It6 product rule, we have
d(S1(t)S2(t)) = S1(t) dSa(t) + Sa(t) dS1(t) + dS1(t) dSa(2).

Using dS; (t) = a5 (t) dWy (t)—i—ﬂSl (t) dWy (t), dSs (t) = ’}/SQ (t) dt+0Ss (t) dWy (t) and SiInplifyil’lg7
we get

d(S1()S2(t) = (v + ao)S1(t)Sa(t) dt + (o + «)S1(t)S2(t) dW1(t) + BS1(t)Sa(t) dWa(t).
Equivalently,

S1(t)S2(t) = S1(0)S2(0) + /0 (v + ao)S1(u)Sa(u) du + /0 (0 + a)S1(u)Sa(u) dWi(u)

t
+ [ 381w dWaw).
0
Hence, {S1(t)S2(t) : t > 0} is a 2-dimensional It6 process.

Proof (b) : Since It6-integrals have zero expectation, we have

E[S1(t)S2(t)] = S1(0)S2(0) + E[/O (v + ao)S1 (1) Sa(u) du}
= 51(0)S2(0) + /0 (v + ac)E[S1 (u)S2(u)] du.

Let m(t) = E[S1(¢)S2(t)], then the above equation reads

m(t) = m(©) + [ -+ aym(wdu

which upon differentiation gives
dm(t
WD — (3 + aoymi).

The latter has solution m(t) = m(0)e(?+2?)t. Hence, E[S;(t)Sa(t)] = S1(0)S2(0)e o)t ¢ > 0.

Proof (c) : Using the notation of the book, we have a1 =0, 011 = @, 012 = 8, g = 7, 091 = 0,
092 = 0. The market price equations in this case is the system,

—r = aby(t) + B62(t)

v —r=00:(t).
Solving for 0 (t), 02(t), we get
_Jr-r
01(t) = —
or+aly—r)
O2(t) =
2(t) e

Setting
T

O (62 (0y awi )+02(t)dW2(t))—% /OT (02t) + 63(1)) e}

:eXp{ - TWl( D+ %;)WAT)_%((V;J) +(UT+:2(;2_T))2)T},
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the risk-neutral measure is given by ITD = fA ZdP. To check this, we set Wl(t) = It +
Wi (t) and Wg( t) = Mt + Wa(t ) By the 2-dimensional Girsanov Theorem the pro-

cess {(N Wi(t),Wa(t) : 0 < ¢t < T} is a 2-dimensional Brownian motion under P. Rewriting
e S (1), _Tth(t) in terms of Wy (t), Wy (t), we get after applying It product rule

d(e™ "8y (1)) = ey (1) (adW (t) + BdWa (1))
d(e™" Sy (t)) = e " So (t) o d W (1),

which shows that the discounted price processes are It6 integrals and hence martingales under P.

Let T fe finite horizon and let {WW(¢) : 0 < ¢ < T} be a Brownian motion defined on a probability
space (Q,F,P) with filtration {F(t) : 0 < ¢t < T}, where F(T) = F. Suppose that the price
process {S(t) : 0 <t < T} of a certain stock is given by

S(t) = exp {2W(t) + g - 2t}

(a) Show that {S(¢) : 0 <t < T} is an Ito-process. (1 pt)

(b) Let r be a constant interest rate. Find a probability measure P equivalent to P such that
the discounted process {e~"*S(¢t) : 0 < ¢ < T} is a martingale under P. (1 pt)

Proof (a): We apply It6-Doeblin to the function f( ,x) = 2+ 2 We first calculate the
partial derivatives, we have fi(t,x) = (t — 2)f(t,x), f(t,x) = 2f(t,x) and f..(t,x) = 4f(¢, ).
Then,

dS(t) = df (t, W(t)) = (t — 2)S(t) dt + 2S(t) dW (t) + 25(t) dt
— 1S (t) dt + 25() AW (1).
Hence, S(t) = S(0) + fg uS(u) du + fg 2S(u) dW (u), and therefore {S(t) : 0 < ¢t < T} is an

It6-process.

Proof (b): We consider the adapted process {0(t) : 0 < t < T’} given by 0(t) = 5%, and the

random variable
T 1 (T
7Z = exp{ —/ O(u) dW (u) — 7/ 62 (u) du.}
0 2Jo

Notice that 6 is bounded on the interval [0, 7], hence E[fOT 6%(u)z%(u) du] < co. Consider the
probability measure P equivalent to P defined by P(A) = J4 Z dP, and the process {W(t) 10 <
t < T} with W(t fo u) du + W (t). By Girsanov’s Theorem, the process {W(¢) : 0 <t < T}
is a Brownian motlon under ]P’ and by It6 product rule we have,
d(e "S(t)) = e " dS(t) — re S (t) dt

= e " tS(t) dt + 2S(t) dW (t)] — re ' S(t) dt

=e "t —r)S(t)dt + 2" S(t) AW (t)

= e "20()S(t) dt + 2~ "I S(t) dW (1)

=2e""S(t) (9(75) dt +dW (¢ ))
= 2e7"S(t)dW (t).
(

This shows that the process {e”"S(t) : 0 < t < T} is an Itd process under P and hence a
martingale under P.



(4) Consider a Brownian motion {W(t) : ¢ > 0} with the natural filtration {F(t) : ¢ > 0}, where
F(t) =c({W(s) : s < t}). Consider the stochastic process {M(t) : t > 0}, with

M(t) = (/Ot sW2(s) dVV(s))2 - /t s2W4(s) ds.

0

(a) Determine the value of E[M ()] for ¢ > 0. (1 pt)

(b) Prove that the stochastic process {M(t) : t > 0} is a martingale with respect to the natural
filtration {F(¢) : t > 0}. (1.5 pt)

Proof (a) : We use Ité-isometry. For any ¢ > 0 we have,

E[M(t)] = E[(/Ot sW2(s) dW(s))z} —]E{/Ot s2W4(s) ds}

= E[/Ot S2W4(s) d(s)} - E{/Ot S2W4(s) ds]
=0.

Proof (b) : First note that the process {M(¢) : ¢ > 0} is adapted to the filtration {F(t) : t >
0}. To prove that the stochastic process {M(t) : t > 0} is a martingale with respect to the
natural filtration {F(t) : ¢ > 0}, it is enough to show that M(¢) is an Itdé-integral. To this end,

define X (t) = [7 sW2(s)dW(s) and Y (t) = [} s>W*(s)ds. Then dX(t) = tW>(t)dW (t) and
dY (t) = t*W*(t) dt. Consider the function f(z,y) = x> —y, then f.(x,y) = 22, fou(z,y) = 2,
fy(z,y) = —1 and fyy(x,y) = 0. By It6-Doeblin formula we have
dM(t) =df (X (t),Y(t)) = 2X(t)dX (t) — dY (t) + dX (t) dX (t)
= 2X () tW?2(t) dW (t) — PWH(t) dt + > W*(t) dt
= 2X () tW?2(t) dW (t).
Equivalently, M (t) = M(0) + fot 2X (u)uW?(u) dW (u) and therefore {M(t) : t > 0} is an Ito-

process. This proves that the process {M(t) : t > 0} is a martingale with respect to the natural
filtration {F(t) : t > 0}.



